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The experiments, conducted in an 85-ft towing tank, ap-
peared to conform the essential features of the dynamical
problem as predicted by theory. A few important conclu-
sions are summarized below: 1) The stability of a towed
slender cylinder is virtually controlled by the tail portion of
the cylinder which is about 25 diam from the free end.
2) For fixed value of L/D, higher modes of oscillation set in as
the velocity U increases. 3) For a certain critical model, the

critical velocity and frequency decrease as L/D increases.
4) As L/D increases, the minimum critical speed, frequency,
and effective "wave length" that mark the threshold of
instability, virtually remain at the same magnitude. 5) The
lower modes of instabilities are "filtered" out and only the
higher modes of instabilities set in as L/D increases. 6) For
L/D > 30, the critical velocity and the associated frequency
are Uc[(4/T)(cr/E)^] ~ 6 and a[(4D/cr

2)fo>//3#)1'2] ~ 12.
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The stability and dynamics of a slender cylinder towed in a viscous stream are examined.
The cylinder is clamped at one end and free at the other. Stability conditions and modal
shapes are found based on solutions to linearized equations resulting from small deflection
assumptions. Particular attention is focused on the conditions of stability when the length/
diameter ratio becomes large. It is found that the stability of a slender cylinder is virtually
controlled by the tail portion of the cylinder which is about 25 diameters from the free end.
Some experimental observations conducted in a towing tank are in general agreement with
theory.

Nomenclature

CN = (4/7T)Cp

CT = (4/7r)C/
c'T — form drag coefficient at the tail of cylinder
Cf,Cp = frictional and pressure drag coefficients
D = diameter of cylinder
El = flexural rigidity of cylinder
/ = parameter associated with the tail end of cylinder

[Eq. (7)]
FL,FN = longitudinal and normal viscous forces per unit length
i = apparent angle of incidence
I = length of a few cylinder diameters at the tail of

cylinder
L = length of cylinder
m = mass/unit length of cylinder
M = lateral virtual mass of fluid/unit length of cylinder
Q = lateral shear force
S — cross-sectional area of cylinder
t = time
T = axial tension along cylinder
u = nondimensional fluid velocity, (M/EI)112 UL
uc,Uc = critical velocities
U_ = uniform fluid velocity
U = nondimensional fluid velocity [Eq. (17)]
v = lateral velocity between the cylinder and the fluid

flowing past it
x = coordinate along the center line of the undeflected

cylinder
xe = effective length of the tail of cylinder
y = lateral displacement of cylinder
fi = virtual mass ratio, M/(m + M}
y = Cret//(4ftL)
e = slenderness ratio, L/D
y = nondimensional lateral displacement, y/L
£ = nondimentional x coordinate, x/L

fluid density
density of cylinder
nondimensional time, [EI/(m M ) ] l ' z t / L z
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nondimensional circular frequency,
[(M + m)/#/]1/2ftL2

critical frequencies
circular frequency
nondimensional circular frequency [Eq. (17)]

1. Introduction

THE purpose of this investigation is to study the free, lat-
eral motions of submerged flexible slender cylinders held

in an axial flow; the system, thus, simulates a flexible cylinder
towed underwater with possible application to the submarine
antennas and hydrophone array.

This work can be regarded as an extension of a previous
study of the dynamics of flexible cylinders in axial flow by
Paidoussis.1'2 In his work, he studied the effect on the
stability of the system for the various hydrodynamic and
geometrical parameters of the system. Some of his experi-
mental observations appeared to confirm his theoretical
analysis qualitatively. However, his analysis is inadequate in
so far as the effect of slenderness ratio L/D to stability is con-
cerned, where L and D are the length and diameter of the
cylinder, respectively. In this study, the effect of L/D is in-
vestigated both theoretically and experimentally. Particular
attention is focused on the condition of the stability when
L/D becomes large. It is found that the lower modes of in-
stabilities are filtered out and only the higher modes of in-
stabilities set in when L/D increases. Moreover, the minimum
critical speed, frequency, and wavelength, that mark the
threshold of instability, are virtually independent of L/D as
the value of L/D increases. As a result, it is concluded that
the stability of a slender cylinder is virtually controlled by
the tail portion of the cylinder which is about 25 diameters
from the free end.

In a recent paper by Ortloff and Ives,3 the dynamic motion
of a thin flexible cylinder with zero bending rigidity was stud-
ied. They found that the cylinder motion is always unstable.
In this paper, some clarification and correction to the previous
studies1"3 are made toward the better understanding of the
physical mechanism of the instabilities of the system.
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2. General Theory

2.1 Equations of Motion of a Cylinder in a Fluid Stream

Figure 1 shows the system under consideration. It con-
sists of a slender cylinder of circular cross section of length L,
immersed in an incompressible fluid of density p flowing with
uniform velocity U parallel to the x axis. The cylinder is con-
sidered to be clamped at the upstream end and free at the
other, like a cantilever beam. The x axis coincides with the
centerline of the undeflected cylinder. Apart from the taper-
ing free end, the cylinder is of uniform cross-sectional area S,
flexural rigidity El and mass/unit length m.

The specific gravity of the cylinder is supposed to be equal
to that of the flowing fluid. The x and y axis lie in a horizon-
tal plane wherein all motions of the cylinder are supposed to
be confined, so that gravity and buoyancy do not come into
play.

Following Paidoussis1 and Gregory and Paidoussis,4 the
equations governing the motion of a flexible cylinder immersed
in a uniform stream are

(1)

FN -
= 0 (2)

where T is the axial tension and M is the lateral virtual mass
of fluid/unit length of cylinder. Equations (1) and (2) repre-
sent the balance of forces in the longitudinal and normal di-
rections on an element of cylinder (Fig. 2) . The terms FL and
FN represent the viscous forces/unit length in the longitudi-
nal and normal directions, respectively. Further assumptions
regarding the derivation of (1) and (2) are listed in Ref. 1.

The viscous forces acting on long inclined cylinders have
been discussed by Reber,5 Hoerner,6-7 Taylor,8 and many
others. A comprehensive survey on the hydrodynamic load-
ing on cable systems was recently given by Parsons and
Casarella.9 For turbulent boundary layers, the viscous forces
are

sin2i + Cf sim), FL = cosi (3)

where Cp and C/ are the coefficients associated with pressure
and frictional drag for a cylinder in cross flow and i is the ap-
parent angle of incidence which may be related by

where v is the lateral velocity between the cylinder and the
fluid flowing past it. For small motions of the cylinder, i is
small so that Eq. (3) becomes

I M
(4)

in which p was eliminated by p = 4M/7rZ)2; terms of the order
of i2 have been neglected; CN = (4:/ir)Cp and CT — (4/V)C/.
From Eqs. (1) and (4), the axial tension is

T(x) = T(L) - x)
A nonzero value of T(L) can only arise from form drag at the
free end, which may be considered proportional to

Fig. 2 Forces and moments acting on an element 8x of the
cylinder.

Accordingly, we write

T(x) = Jc' (5)

where c'r is the coefficient of form drag at the tail.
Substituting now Eqs. (3-5) into Eq. (2), we obtain the

equation of small lateral motions,

y -
I MU

- CT
L - x

D +

(6)

It is noted that Eq. (6) is not quite valid near the down-
stream free end because of 1) the lateral flow not being truly
two-dimensional, since the fluid can pass around, rather than
over the free end (see Ref. 10) and 2) nonuniform cross-sec-
tional area S because of the tapering at the free end. There-
fore, Eq. (6) is to be applied for 0 $ x ^ L — I where I is at
most a few cylinder diameters. For L — I < x ^ L, a separate
equation must be derived.

2.2 Boundary Conditions

When the upstream end is clamped, the boundary condi-
tions are y = dy/dx = 0 at x ~ 0. At the downstream free
end, it is assumed that the cross-sectional area tapers smoothly
from S to zero in a distance sufficiently short, so that the
lateral velocity v may be considered constant. This require-
ment allows the forces acting at the free end to be lumped and
considered in appropriate boundary conditions similar to
those given by Hawthorne11 and Paidoussis.1 It should be
noted that even if there is no tapering at the free end, the
following derivation is still valid. Integrating a similar
equation like Eq. (6) from x = L — I to x = L, we obtain

dx.

~ (T ^]dx

[M(x)v] dx

/
L

L _ £

Fig. 1 Schematic diagram of the system.

dx = 0 (7)
where Q is the lateral shear force. The parameter /, which is
equal to unity for slender body, inviscid flow theory, was in-
troduced to account for the theoretical lateral force at the
free end not being fully realized because of 1) the lateral flow
not being truly two dimensional and 2) boundary-layer ef-
fects.10 Accordingly, / will normally be less than unity. In
our experimental investigation, the free end of the cylinder
was left blunt and no tapered end pieces were used. A value
of 0.7 was chosen for / that appeared to agree with theory
qualitatively.
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Fig. 3a) Stability map showing the effect of the slender-
jiess ratio t on the stability of clamped-free cylinders (/3 =

0.5, x = 0.01, / = 0.7, c'T = 0.2, CN = CT).

110

100-

9O

80

7O-

6O

3 50

4O

30-

20-

10-

Fig. 3b) Corresponding frequency associated with the
neutral stability.

We now write M (x) = pS(x) and m(x) = ptS(x) and, since
v is considered constant for L — I < x < L (provided that
l/L « 1) and Q is zero at the free end, Eq. (7) leads to

(8)
where

S(x}dx

If Eq. (8) is written in dimensionless form, some terms are of
order l/L or smaller. Hence, on neglecting terms of small
magnitude, we obtain

= 0

at x = L - I (9)

in which the third term involving xe could have been ne-
glected. It is, however, kept here in order to compare the
present computations with those given by Paidoussis.1'2

A second boundary condition at the free end can similarly
be derived by integrating the dynamic equation with respect
to x twice from x = L — I to x = L. Assuming that there is
no bending moment at the free end and neglecting terms of
order l/L or smaller, we obtain

= 0 at x = L - I (10)
These are similar to the boundary conditions derived by Haw-
thorne11 and Paidoussis.1 It is understood that l/L « 1 so
that the boundary conditions (9) and (10) may be considered
to apply at x = L.

2.3 Analysis

The problem is expressed in dimensionless terms by putting

t = x- „ - * r-f^-Y"! ? = ̂ -^ V ' V \m + Ml L2' M m + M

(H)

M i*

Substituting into Eq. (6), we obtain

. fa,

Similarly, the boundary conditions are

+ -0 (12)

= 0 at { = 1 (13)

It is noted that /3 may in principle vary from 0 to 1 ; the lower
limit corresponds to a very light fluid and a very heavy cylin-
der, and the higher limit to the opposite case. However, the
assumption of null buoyancy made earlier (Sec. 2) necessitates
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Let us now consider motions of the cylinder of the form

77 = Y(Qeiw (14)
co being a dimensionless frequency defined in Eq. (11), where
12 is the circular frequency of motion which in general is com-
plex. The system will be stable or unstable accordingly as
the imaginary part of to is positive or negative. Substituting
Eq. (14) into Eqs. (12) and (13), we obtain

+ a —
. d*F . dY
: -TT, + c -^

- (I L=°
eY = 0 (15)

(16)

where

a = W2(l - 1 ecT - \ c'r), 6 = 1

c = i e (cjv + cr)tt2 + 201/2woi, e = -co2

h = fu*, and .7 - /01/2iKoi +[! + (/

The method of analysis is to express 7(0 as a power series
in £, so that

where the Ar are generally complex. Substituting this series
into Eqs. (15) and (16), we eventually obtain 2 X 2 deter-
minant which must vanish for nontrivial solution1 ; this pro-
vides an implicit relation between co and u for any prescribed
physical parameters of the system.

3. Conditions of Stability

For any given physical system, we suppose that the system
parameters can be calculated or measured, and that they are
independent of the flow velocity. The conditions of stability
have been investigated by calculating systematically the
critical flow velocities for neutral stability and their associated
frequencies. The results are shown in Fig. 3. For a given set
of system parameters and for each mode, the values of u
and Re(u) were determined by the method given in Sec. 3,
with the condition that Im(w) = 0. To start the computa-
tion, however, the complex frequency of each mode is calcu-
lated for eCNT = 1? starting with M = Oand increasing the flow

O 10 20
":v/r

^O 60 80 100 120

Fig. 4 The dimensionless complex frequency of first four
modes of a system with eCT = ec.v = 1.0, j3 = 0.5, c'r = 0 .2,

/ = 0.7, x = 0.01.
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Fig. 5 The dimensionless complex frequency of the third
and fourth modes of a system with ecr — CCN = 2.5, /3 = 0.5,

c'r = 0.2,/= 0.7, x = 0.01.

velocity in small steps, as shown in Fig. 4. The results
demonstrate the general character of the dynamic behavior
of the system for varying u. The critical flow velocity uc
for neutral stability and corresponding frequency which will
be denoted by coc then are obtained from Fig. 4 by sct';p g
Im(u>) = 0. Now, varying ecr in either directions system-
atically with Im(co) = 0, we obtain the stability map as shown
in Fig. 3. The computations are also aided and checked by
calculating the complex frequency for some other values of
ecr, such as the one displayed in Fig. 5. For ecT = 2.5, it is
seen that the system is stable with respect to the first three
modes, it is, nevertheless, unstable with respect to the fourth
and higher modes.

It is interesting to note that each mode has two branches,
one higher and the other lower, according to the critical flow
velocities, f Likewise, the corresponding frequencies has also
two branches for each mode as shown in Fig. 3b. Nevertheless
the frequencies differ very little between the two branches of
the same mode. For a given value of ecT, the system is stable
for small values of u. As the flow velocity increases, however,
the system may become unstable. For ecr < 1.05, the system
first becomes unstable to a lower buckling mode la as shown
in Fig. 3a. Transition from lower buckling to higher buckling
mode occurs as u increases. At higher-flow velocities, the sys-
tem then spontaneously develops second-mode unstable os-
cillation which shifts from the mode corresponding to the
lower branch to the higher branch.

At still higher flow velocities, third-mode and then higher-
mode unstable oscillations will develop. The previous
general behavior of the system for increasing flow velocity is
in substantial agreement with the experimental observations
by Paidoussis2 and this author. For ecT > 1.05, the buckling-
mode instability cannot occur. In other words, the buckling-
mode instability is filtered out of the system. As the value
of ecT becomes larger, more lower modes are filtered out. The
physical reasoning appears to be that as ecr increases the
longitudinal tension along the cylinder also increases due to
the frictional drag, and as a consequence lower modes of in-
stability are suppressed.

In Fig. 3, at ecT ~1.25, the system is unstable to second-
mode oscillation for 7.0 < u < 8.0. Transition from lower
branch to higher branch of the instability mode is probably
the explanation of the phenomenon observed by Paidoussis.2
He stated "When e > 40 there was no second-mode instability.
At e = 39.6 the amplitude and frequency of oscillation were
erratic, . . .."

It is also seen in Fig. 3 that both uc and coc become larger
for higher modes. A large number of terms in the power

t The lower branches of the first and second modes were first
calculated by Paidoussis.1
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Fig. 6a) The dimensionless critical flow velocity Uc as a
function of ecT (P = 0.5, x = 0.01, / = 0.7, c'r = 0.2).
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Fig. 6b) Corresponding frequency 12C associated with the
critical flow.

series for Y must be used to approximate adequately the shape
of the body in the course of its oscillation. It was found that
up to 90 terms were necessary in order to determine w to three
significant figures. The numerical computation becomes
progressively more difficult when u increases above 20.0,
which indicates the limit of the present computational
method. It is hoped that some asymptotic analysis will be
made later so that the stability conditions for large values of
€CT can be determined.

According to the dimensionless expressions in Eq. (11), both
u and co contain L/D, since 7 = 7rZ)4/64 for a circular cross
section. In order to see the effect of the slenderness ratio
L/D on the stability, the ordinates of Fig. 3 are redefined as
u/(ecT) and co/(ecr)2. A replot of Fig. 3 is shown in Fig. 6.
It is seen that

£-£&) u'u> 12 = Q (17)

Thus, for a set of given parameters, the minimum critical
velocity Ue remains about the same for different oscillatory
modes. That is, the minimum critical velocity is independent
of the slenderness ratio e when e is moderately large (30 < e <
100) as represented in Fig. 6a. The corresponding frequency
flc is also independent of e as indicated in Fig. 6b. Therefore
grossly speaking,_the stability condition is mainly determined
by the value of U', for e > 30, the flow is unstable if

U > 6 (18)
while the corresponding frequency is of order

5 = 12 (19)
Hence, sufficient small (E/p)1/z will lead to instability. This

is in qualitative agreement with results of Ortloff and Ives,3
who showed that the cylinder motion is always unstable with
zero bending rigidity El. However, some differences between
Ref. 3 and the present theory should be noted as following:
1) The moment of inertia I of the cylinder cross section is ab-
sent in Eq. (18), hence small 7 does not necessarily lead to in-
stability according to the present theory, although it does
according to Ref. 3. 2) In their analysis Ortloff and Ives had
assumed that

based on which the complex term in the imaginary part of the
complex index was neglected. However, an estimate from
Eqs. (18) and (19) gives

J_ = (Q.I1

>/31/2 " \12.
.177 for 0 = 0.5

5 for /3 = 10~4 (21)

This means that the factor 7 is not large compared with 1 for
the case of ft = 0.5 according to the present analysis. The
factor 7 is indeed large if ft ^ 10 ~4. Therefore, the analysis
given by Ortloff and Ives is valid only when 0 is very small.
In the sample calculations given by them, the values of f3
were kept at 10~3 or smaller. The reason is presumably be-
cause of the slow convergence of their solution if ft is not
small. Moreover, it is evident teat their solution is no longer
valid for ft not small. It would be interesting if one would ex-
tend their investigation to the case of /3 = 0.5 by relaxing the
assumption of large 7 in Ref. 3.

It should also be noted that for any one mode of instability,
the critical velocity and frequency decrease as ecT increases,
which is clearly seen in Fig. 6. However, Paidoussis1 has
made an incorrect statement, based on Fig. 3, that increasing
€CN and ecr stabilizes the system.

The eigen solutions of the system which correspond to the
modal shapes of the cylinder at the marginal stability are

©

Fig. 7 Theoretical shapes of cylinders with ECT = *CN =
1.0, 0 = 0.5, c'r = 0.2, / = 0.7 x = 0.01, oscillating in a
condition of neutral stability; one cycle of oscillation in

steps of f X period.
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5o98, .Q-13.5

L=25 D
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U-5.44,11-11.6

L=50 D

THIRD MODE

0=6.00,11 =

L-75 D

• FOURTH MODE

tor = 0 °°r = J

Fig. 8 Comparison of modal shapes of cylinders with L = 25D, SOD, and 7SD oscillating in a condition of neutral stability
(CT = cN = 0.04, ]8 = 0.5, C'T = 0.2,/ = 0.7, x = 0.01); the figure shows the beginning and end of J cycle.

shown in Fig. 7. It is seen that for given values of e, x> />
C'TJ CT, and /3, instabilities of higher modes possess larger
"wave numbers/' which are accompanied by higher values of
uc and coc. Since the mode of instability becomes higher as e
increases, as shown in Fig. 3, the wave number of the mode of
instability also becomes larger as indicated in Fig. 8. This is
also in qualitative agreement with results of Ortloff and Ives
whose calculations indicated that an increase in e results in
instability modes of higher harmonics. A close examination of
the modal shapes of the cylinder with e = 25,50,75 (assuming
CT = cN = 0.04), as shown in Fig. 8, reveals that for large e
the wave number of the instability mode, when it first sets in,
is almost in proportion, to e. Moreover, the shapes of the
cylinder near the free end portion, which is about 25 diameters
in length, are almost the same for these three cases. This fact
brings out an important physical mechanism of the stability of
the system: the stability condition of a slender cylinder is
virtually controlled by the tail portion of the cylinder which
is about 25 diameters near the free end. It is seen that at e =
25, 50, and 75, the instability first sets in at about the same
critical velocity U ~ 6 with essentially the same frequency
ll ^ 12. Although the modes of instability are all different
for different values of e, the behavior of the last portion of the
cylinder, about 25 diameters from the tail end, is essentially
the same. Physically, it is quite clear that at the last 25
diameters of the cylinders of various lengths, the kinematical
and dynamical conditions are indeed very similar: free at the
downstream end, clamped (or hinged) at the upstream end,
with similar forces (viscous forces and the induced force re-
quired to accelerate the fluid) acting in between. It is, there-
fore, reasonable to expect that the critical velocities and fre-
quencies must be about the same. The crucial question to be
answered here is "why should not the system first become
unstable to lower modes of instabilities before the higher
modes set in?" As it has been pointed out earlier in this sec-
tion, the physical reasoning is that the longitudinal tension
becomes larger throughout the major portion of the cylinder
as the length increases. The only exception is the tail por-
tion near the free end, the tension of which does not change
because of the increase in length. It is known, however, that
an increase in tension has, in general, a stabilizing effect on the
system. Consequently, the major portion of the cylinder is
stabilized, because of this increase in tension. The lower
modes of instabilities would have set in, had there not been an
increase in tension along the cylinder. Therefore, the in-

stability can only set in through the weakest portion of the
system, namely, the tail portion where there is no increase in
tension because of the increase in length. As a result, the
cylinder first becomes unstable only when the tail portion
starts to become unstable. With the previous mechanism in
mind, it then appears quite natural that the minimum critical
velocities and frequencies are virtually independent of the
length of the cylinder, provided L/D is large. Therefore,
caution must be exercised that L/D -> <» and El —** 0 do not
imply each other in this case.

4. Experiments

A number of experiments were conducted with flexible
cylinders submerged and towed in a long water channel.
The aim of the experiments was to test the theory discussed
in the previous sections. Only some preliminary results are
given here. It is hoped that subsequent paper will present
more refined and extensive experimental results. The main
purpose was 1) to discover whether the various types of in-
stability predicted by theory do in fact occur, 2) to supple-
ment Paidoussis' experiments2 by using a towing system in
otherwise stationary fluid, and 3) to provide some experimen-
tal data, particularly regarding the thresholds of the various
instabilities and the drag coefficient, for quantitative compari-
son with theory.

4.1 Apparatus

The apparatus consisted of an 85-ft towing tank. The
cylinder was glued to a horizontal metal boom which was
rigidly connected to a vertical aerofoil strut, as shown in
Fig. 9. Rubber tubes were used for the flexible cylinders in
the experiment. Two kinds of cylinders were used: cylinder
I was 0.312-in. outer diam and 0.187-in. inner diam (El =
0.2140 lb-in.2), and cylinder II was 0.230-in. outer diam and
0.110-in. inner diam (El = 0.0345 lb-in.2). Cylinder I, being
heavier than water, was made almost neutral buoyant by
sealing the ends and leaving the inside hollow. Cylinder II,
being lighter than water, was made neutral buoyant by filling
the inside with glycerin and then sealing the ends. Various
lengths were used from several inches to a few feet. The free
end of the rubber tube was blunt and no tapered end pieces
were used. The maximum towing speed attainable was about
13 fps. In each towing, the speed was set at a fixed value.
The speed was recorded in short-time intervals during each
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Table 1 Measurement of drag coefficient

Supporting platform

Flexible
cylinder

Y Horizontal
boom

\
Aerofoil support

Fig. 9 Schematic diagram of the apparatus used for
experiments.

towing. It was found that the towing speed was constant
throughout the major portion of the towing tank. Hence,
the assumption of steady and uniform flow in the theory is
satisfied.

4.2 General Observations

In each test, the towing speed was increased in small steps,
starting from zero. In some of the early experiments, the
vertical support was not in an aerofoil shape and no horizontal
metal boom was used. It was found that the instabilities oc-
curred at much lower flow velocities than that predicted by
the theory. This is probably because of the wake produced by
the vertical strut. The instability of the wake has definitely a
strong influence on the instability of the cylinder. For most
experiments, however, the vertical strut was made in an
aerofoil shape and a horizontal metal boom was used so that
fluctuations in the wake became much weaker in the vicinity
of the cylinder.

With the present system, the buckling is somewhat difficult
to detect. However, the oscillatory modes were fairly easy
to observe. Thus in these preliminary experiments, only the
thresholds of instability and associated frequency for the
oscillatory mode were recorded. The frequencies are in
general quite low, in the range of 1-3 cps. They were re-
corded with the help of a stop watch. The shape of the cyl-
inder, when oscillation set in, was in general agreement with
the theory that the amplitude of the oscillation is relatively
large near the tail. It is found that the critical velocity and
frequency remain essentially the same as L/D increases be-
yond 100.

4.3 Quantitative Comparison with Theory

Direct quantitative comparison depends heavily on the
accuracy of the drag coefficients CT and CN which is evident in
Fig. 3. Therefore, some measurements of the drag force on
the cylinders at various speeds were made. LVDT force
block was used to obtain the drag force on the submerged sys-
tem. The drag force on the cylinder was obtained by two
separate runs at the same speed—one with cylinder and the
other without. The difference in the forces measured gave
the drag force on the cylinder. This, of course, included both
the friction and form drag. The form drag is, however, very
small compared with the friction drag for large L/D. The ex-
perimental data for drag measurements were summarized in
Table 1. It is seen that CT is in the range 0.04-0.07.

For purposes of comparison, experimental values of thresh-
olds of instability were compared with theory. The critical
velocities and frequencies for CN = CT = 0.04 and 0.06 are

Run
No.
1
2
3
4
5
6
7
8

Towing
speed,
cm /sec

177
94.8

178
237
94.8

130
178
237

Length,
cm

14.6
29.2
58.3
58.3

175.0
175.0
175.0
175.0

e

25
50

100
100
300
300
300
300

Drag,
103

dyne

15.0
13.5
51.0

101.
70.4
94.6

242.
291.

CT

0.0493
0.0785
0.0508
0.0470
0.0683
0.0487
0.0665
0.0453

Average 0.0568

compared with theoretical values in Fig. 3. The agreement is
reasonably good.

5. Conclusions

The experiments, conducted with apparatus of the simplest
kind, appeared to confirm the essential features of the dy-
namical problem as predicted by theory. A few important
conclusions can be summarized below: 1) The stability of a
towed slender cylinder is virtually controlled by the tail por-
tion of the cylinder which is about 25 diameters from the free
end. 2) For fixed value of L/D, higher modes of oscillation set
in as the velocity U increases. 3) For a certain critical mode,
the critical velocity and frequency decrease as L/D increases.
4) As L/D increases, the minimum critical speed, frequency,
and effective wave length, that mark the threshold of in-
stability, virtually remain at the same magnitude. 5) The
lower modes of instabilities are filtered out and only the higher
modes of instabilities set in as L/D increases. 6) For L/D >
30, the critical velocity is Uc[(^/cT)(p/E)112] ~ 6 and the
associated frequency is toe[(4p/cT

2)(p/PE)v*] ~ 12.
It is planned that future work will include 1) an asymptotic

analysis for e —>• °°, 2) more experimental investigation, 3) the
effect of initial curvature, and 4) forcing effect because of the
wake of the vertical strut.
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